Enthalpy, Geometric Volume and Logarithmic correction to Entropy for
  Van-der-Waals Black Hole by Pradhan, Parthapratim
ar
X
iv
:1
61
0.
05
75
3v
1 
 [g
r-q
c] 
 18
 O
ct 
20
16
epl draft
Enthalpy, Geometric Volume and Logarithmic correction to En-
tropy for Van-der-Waals Black Hole
Parthapratim Pradhan
(a)1
1 Department of Physics, Vivekananda Satabarshiki Mahavidyalaya , West Midnapur, West Bengal 721513, India
PACS 04.20.-q – Classical general relativity
PACS 04.70.Bw – Classical black holes
PACS 04.70.-s – Physics of black holes
Abstract –If the negative cosmological constant is treated as a dynamical pressure and if the
volume be its thermodynamically conjugate variable then the gravitational mass can be expressed
as the total gravitational enthalpy rather than the energy. Under these circumstances, a new
phenomena emerges in the context of extended phase space thermodynamics. We examine here
these features for recently discovered Van-der-Waal (VDW) black hole (BH) [1] which is analogous
to the VDW fluid. We show that the thermodynamic volume is greater than the naive geometric
volume. We also show that the Smarr-Gibbs-Duhem relation is satisfied for this BH. Furthermore,
by computing the thermal specific heat we find the local thermodynamic stability criterion for
this BH. It has been observed that the BH does not possess any kind of second order phase
transition. This is an interesting feature of VDW BH by its own right. Moreover, we also
derive Cosmic-Censorship-Inequality for this class of BH. In addition finally, we compute the
logarithmic correction to the entropy of this BH due to the quantum fluctuations around the
thermal equilibrium.
Introduction. – There has been a resurgence of inter-
est recently in the physics of asymptotically anti-de-Sitter
(AdS) spacetime due to the seminal work of “Thermody-
namics of BHs in ADS Space” by Hawking and Page [3]
and due to the AdS/CFT correspondence [4]. The main
interest in AdS case because thermodynamic equilibrium
is straightforwardly defined and they have a gauge duality
description via a dual thermal field theory.
It is also quite interesting that their thermodynamics
exhibiting different type of phase transitions. It was first
observed in case of Schwarzschild-AdS BH [3], where the
first order phase transition occurs. On the other hand,
classical BH thermodynamics [5–8] states that the mass
M , surface gravity κ, and area A of a BH connected to the
thermal energy U , temperature T , and entropy S via the
following relation (in units in which G = ~ = c = k = 1):
M = U, T =
κ
2π
, S =
A
4
. (1)
In most computations of BH thermodynamics the cos-
mological constant Λ is treated as a fixed parameter (pos-
(a)pppradhan77@gmail.com
sibly zero) but it has been considered as a dynamical vari-
able first in [9] and it has been further first proposed that it
is better to considered as a thermodynamic variable rather
than a dynamical variable [10–14]. Physically, Λ is treated
as a thermodynamic dynamic pressure P via the relation
P = − Λ8π = 38πℓ2 in [10], consistent with the observation in
[15] that the conjugate thermodynamic variable is propor-
tional to a volume. It naturally further implies that the
BH mass should be treated as total gravitational enthalpy
via the relation M = H ≡ U + PV rather than internal
energy U . Then the first law of BH thermodynamics read
off
dM = TdS + V dP +ΦdQ +ΩdJ . (2)
where the thermodynamic volume can be defined as
Vt =
(
∂M
∂P
)
S,Q,J
. (3)
Where Φ is the electric potential measured at infinity. This
also further suggests that one can write the BH equation
of state as P = P (V, T ).
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Again the naive geometric volume for spherically sym-
metric Schwarzschild BH can be defined as in terms of BH
event horizon [6]:
V+ = Vs =
4
3
πr3+ . (4)
It has been proposed that the thermodynamic volume Vt
in general is not equal to the naive geometric volume Vg
[16].
However, the idea for constructing a VDW BH [1] builds
based on the classical work of P −V criticality of RN-AdS
BH by Kubiznˇa´k and Mann [2]. Where the authors first
showed that the thermodynamic properties of the charged
AdS BH exhibits a number of similarities with the VDWs
liquid/gas system. Thus, it was natural to wonder if a
BH with an equation of state identical to the VDWs fluid
exists.
Therefore it is also natural to investigate here these
above described features for recently discovered VDW BH
[1] which is analogous to the VDWs fluid. We prove that
the thermodynamic volume is greater than the naive geo-
metric volume for this BH. We also show that the Smarr-
Gibbs-Duhem relation is satisfied. For generalized Smarr
formula with zero cosmological constant for RN BH and
KN BH one can see the work of Banerjee et al. [30] and
the generalized mass formula with non-zero cosmological
constant one must see another interesting work by Kastor
et al. [10].
We further investigate that the thermodynamic stability
of such BH by computing the specific heat and we observe
that VDW BH undergoes no phase transition at all due
to its own characteristics. The second order phase transi-
tion occurs at the negative value of the horizon thus it is
unphysical.
In the first section, we have described the basic features
of the VDW BH and we have also calculated the specific
heat which determins the local thermodynamic stability.
In the second section, we have computed the logarithmic
correction to the BH entropy for this class of BHs.
VDW BH:. – The metric of a static, spherically sym-
metric VDW BH [1] is given by
ds2 = −B(r)dt2 + dr
2
B(r) + r
2
(
dθ2 + sin2 θdφ2
)
. (5)
where the function B(r) is defined by
B(r) = 2πa− 2M
r
+
r2
ℓ2
(
1 +
3
2
b
r
)
− 3πab
2
r(2r + 3b)
− 4πab
r
ln
(
r
b
+
3
2
)
. (6)
where a and b are the VDW parameters. It may be noted
that the parameter a > 0 implying the attraction in be-
tween the molecules of the fluid and indicating spherical
horizon topology of the VDW BHs. The parameter b mea-
sures their volume and it also must be positive definite i.e.
b > 0.
The metric is a solution of the Einstein field equations
of the form: Gab + Λgab = 8πTab. It is indeed true that
for sufficiently small pressures, the energy-momentum ten-
sor Tab satisfies all three weak energy condition, strong
energy condition and dominant energy conditions. How-
ever, when the pressure is increasing the energy density
is decreasing at small radii and eventually becomes nega-
tive, consequently first violates the dominant energy con-
dition and followed by violates the weak energy condition.
Whereas the strong energy condition is not violated.
For simplicity, we take a = 12π then the metric function
reduces to the form:
B(r) = 1− 2M
r
+
r2
ℓ2
(
1 +
3
2
b
r
)
− 3
2
b2
r(2r + 3b)
− 2 b
r
ln
(
r
b
+
3
2
)
. (7)
Now the mass 1 of the BH could be expressed in terms
of event horizon r+ :
M =
r+
2
+
r2+
2ℓ2
(
r+ +
3b
2
)
− 3
4
b2
2r+ + 3b
− b ln
(
r+
b
+
3
2
)
. (8)
Penrose [18] in 1973 had made a statement that
the total ADM (Arnowitt-Deser-Misner) mass M of the
Schwarzschild BH spacetime is connected to the area A+
of BH event horizon as
M ≥
√
A+
16π
. (9)
which is sometimes called Cosmic Censorship Inequality
or Cosmic Censorship Bound [19]. This is a necessary
condition for cosmic-censorship hypothesis [18] (See [20–
24]).
We compute this inequality for this BH which is given
by
M ≥
√
A+
16π
+
A+
8πℓ2
(√
A+
4π
+
3
2
b
)
− 3
4
b2(√
A+
π
+ 3b
)
− b ln
(√
A+
4πb2
+
3
2
)
. (10)
It suggests the total mass in a given region of the spacetime
is at least
√
A+
16π (for Schwarzschild BH) and positive defi-
nite. The significance of this inequality is that it describes
1It should be noted that computing the mass parameter for VDW
BH has some problems. Specifically, the matter content does not
meet the standard fall-off conditions and therefore normal methods
for calculating the mass e.g. conformal completion, fail. The reason
for calling the parameter M the mass is simply because it satisfies
the first law of thermodynamics [1].
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the lower bound on the energy for any time-symmetric
initial data set which satisfied the Einstein equations with
negative cosmological constant, and which is also coupled
to a matter system that satisfied the dominant energy con-
dition which possesses no naked singularities.
The surface gravity of the BH on the horizon r = r+ is
given by
κ+ =
B′(r)
2
=
1 + 3r+(r++b)
ℓ2
+ 3b
2
(2r++3b)2
− 4b(2r++3b)
2r+
. (11)
which is constant over the horizon indicates the zeroth law
of thermodynamics is satisfied.
Consequently, the BH temperature on the horizon is
given by
T+ =
1 + 3r+(r++b)
ℓ2
+ 3b
2
(2r++3b)2
− 4b(2r++3b)
4πr+
. (12)
The BH area reads off
A+ =
∫ 2π
0
∫ π
0
√
gθθgφφdθdφ = 4πr
2
+ . (13)
The BH entropy is computed on the horizon as (in units
in which G = ~ = c = 1)
S+ =
A+
4
= πr2+ . (14)
Now the mass of the BH could be expressed as in terms
of entropy S+ and dynamic pressure P :
M =
1
2
√
S+
π
− 3
4
b2
2
√
S+
π
+ 3b
− b ln
(
1
b
√
S+
π
+
3
2
)
+
4
3
S+P
[√
S+
π
+
3
2
]
. (15)
The most important parameter in the gravitational
thermodynamics can be defined as
H = M(S, P ) = U + PV . (16)
Where H is so called enthalpy of the gravitational system
and U is its internal energy. If the natural candidate H
is a function of S and P , the first law of gravitational
thermodynamics yield
dH = T+dS+ + V+dP . (17)
Thus we get the usual thermodynamical parameters like
temperature, volume etc. as
T+ =
(
∂H
∂S+
)
P
=
1
4
√
πS+
+
3
4
b2√
πS+(2
√
S+
π
+ 3b)2
− 1
2
√
πS+
(
1
b
√
S+
π
+ 32
)
+ 2P
(√
S+
π
+ b
)
. (18)
and
Vt =
(
∂H
∂P
)
S
=
4
3
S+
(√
S+
π
+
3b
2
)
. (19)
Thus it is defined as a thermodynamic volume and the
naive geometric volume Vg which can be rewritten as
Vg =
4
3
S+
√
S+
π
. (20)
It is clearly evident from above derived relations that
Vt > Vg . (21)
which was first pointed out in [16] for higher dimensional
rotating BH. This is one of the key point of our investiga-
tion. The significance of this result is related to the reverse
isoperimetric inequality. In particular, that this implies
that the inequality is strict. The initial conjecture for the
reverse isoperimetric inequality was first formulated in [16]
and in case of Super-Entropic BHs were discussed in [17].
Now using dimensional analysis, the Smarr-Gibbs-
Duhem relation could be derived as
H = M = 2(TS − PV ) . (22)
and the internal energy reads off
U = 2TS − 3PV . (23)
Finally, the Gibbs free energy is calculated to be
G = H − TS = TS − 2PV . (24)
Now let us calculate the local thermodynamic stability
for this BH. In order to determine the thermodynamic
stability, one must compute the specific heat which is given
by the well known formula:
C+ =
(
∂M
∂T+
)
=
(
∂M
∂r+
)
(
∂T+
∂r+
) . (25)
The specific heat in this case becomes
C+ = −2πr2+
[
1 + 3r+(r++b)
ℓ2
− (8br++9b2)(2r++3b)2
]
[
1− (32br
2
++54b
2r++27b3)
(2r++3b)3
− 3r
2
+
ℓ2
] . (26)
Now we analyze the above expression of specific heat for
different regime.
Case I: When
1 +
3r+(r+ + b)
ℓ2
>
(8br+ + 9b
2)
(2r+ + 3b)2
and
1 >
(32br2+ + 54b
2r+ + 27b
3)
(2r+ + 3b)3
+
3r2+
ℓ2
(27)
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the specific heat is negative i. e. C+ < 0, which implies
that the BH is thermodynamically unstable.
Case II : When
1 +
3r+(r+ + b)
ℓ2
<
(8br+ + 9b
2)
(2r+ + 3b)2
and
1 >
(32br2+ + 54b
2r+ + 27b
3)
(2r+ + 3b)3
+
3r2+
ℓ2
(28)
or
1 +
3r+(r+ + b)
ℓ2
>
(8br+ + 9b
2)
(2r+ + 3b)2
and
1 <
(32br2+ + 54b
2r+ + 27b
3)
(2r+ + 3b)3
+
3r2+
ℓ2
(29)
the specific heat is positive i. e. C+ > 0, which indicates
that the BH is thermodynamically stable.
Case III : When
1 =
(32br2+ + 54b
2r+ + 27b
3)
(2r+ + 3b)3
+
3r2+
ℓ2
(30)
the specific heat C+ blows up that signals a second order
phase transition for such BHs. Unfortunately, this phase
transition occurs at the negative value of the horizon ra-
dius. Therefore it is unphysical. Thus we can only say
that VDW BH does not possess any kind of second order
phase transition. This is an interesting property of this
BH. It could be observed from the Fig. 2. In Fig. 1, we
have drawn the region of validity of the inequality for the
specific heat of different cases.
Logarithmic Corrections to the Entropy of VDW
BH:. – In this section, we shall compute the logarithmic
corrections to BH entropy for VDW’s BH. Assuming the
thermodynamic system is stable when its specific heat is
positive definite that implies the corresponding canonical
ensemble is also thermodynamically stable. To compute
it, we follow the work of Das et al. [27]. Recently, in [28]
the effects of thermal fluctuations in case of charged ADS
BH has been studied.
The partition function [26] can be defined as
Z+(β+) =
∫
∞
0
ρ+(E+)e
−β+E+dE+ . (31)
where T+ =
1
β+
is the temperature of the H+. We have
set Boltzman constant kB = 1.
The density of states may be written as an inverse
Laplace transformation of the partition function:
ρ+(E+) =
1
2πi
∫ c+i∞
c−i∞
Z+(β+)e
β+E+dβ+ (32)
=
1
2πi
∫ c+i∞
c−i∞
eS+(β+)dβ+ . (33)
where c is a real constant and
S+ = lnZ+ + β+E+ . (34)
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.00
0.05
0.10
0.15
0.20
0.25
0.30
(a)
- 0.10 - 0.05 0.00 0.05 0.10
0.00
0.05
0.10
0.15
0.20
0.25
0.30
(b)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
(c)
Fig. 1: The inequality for specific heat of the Case-I is plotted
in Fig. 1(a), Case-II is plotted in Fig. 1(b) and Fig. 1(c).
Along the abcissa we have taken the value of horizon radius r+
and along the ordinate we have taken the value of b. We have
set ℓ = 1.
is the entropy of the system near its equilibrium.
Near the equilibrium and at the inverse temperature
β+ = β0,+, we could expand the entropy function as
S+(β+) = S0,+ +
1
2
(β+ − β0,+)2S′′0,+ + ... . (35)
where, S0,+ := S+(β0,+) and S
′′
0,+ =
∂2S+
∂β2+
at β+ = β0,+.
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Substituting Eq. (35) in Eq. (31), we find
ρ+(E+) =
eS0,+
2πi
∫ c+i∞
c−i∞
e
(β+−β0,+)
2
S′′0,+
2 dβ+ . (36)
Let us define β+ − β0,+ = ix+ and choose c = β0,+, x+ is
a real variable and computing a contour integration one
obtains
ρ+(E+) =
eS0,+√
2πS′′0,+
. (37)
The logarithm of the ρ+(E+) gives the corrected entropy
of the system:
S+ : = ln ρ+ = S0,+ − 1
2
lnS′′0,+ + ... . (38)
Using the concept of statistical thermal fluctuations of
mean value energy [29] for any thermodynamical system
and it is determined by the thermal heat capacity C+
which may be defined as
C+ ≡ ∂ < E+ >
∂T+
|T0,+ (39)
=
1
T 2+
[
1
Z+
∂2Z+
∂β2+
|β+=β0,+ −
1
Z2+
(
∂Z+
∂β+
)2 |β+=β0,+
]
=
S′′0,+
T 2+
. (40)
where, the mean value of energy [29] is
< E+ >= − ∂
∂β+
lnZ+ |β+=β0,+= −
1
Z+
∂Z+
∂β+
|β+=β0,+ . (41)
Therefore one obtains the leading order corrections to
the BH entropy is
S+ = ln ρ+ = S0,+ − 1
2
ln(C+T
2
+) + ... . (42)
The formula is meaningful when the specific heat is pos-
itive definite in the logarithm term thus we impose the
condition |C+| > 0. Then the Eq. (42) becomes
S+ = ln ρ+ = S0,+ − 1
2
ln
∣∣C+T 2+∣∣+ ... (43)
Now apply this formula for VDW system and one ob-
tains the logarithm correction to the BH entropy as
Sc+ = πr2+−
1
2
ln
∣∣∣∣∣∣∣
[
1 + 3r+(r++b)
ℓ2
− (8br++9b2)(2r++3b)2
]3
8π
[
1− (32br
2
++54b
2r++27b3)
(2r++3b)3
− 3r
2
+
ℓ2
]
∣∣∣∣∣∣∣+ ... (44)
It follows from the above calculation that this is the cor-
rected microcanonical entropy due to quantum thermal
fluctuations around the equilibrium. It should be men-
tioned that Sc+ is valid in the domain when
1 +
3r+(r+ + b)
ℓ2
>
(8br+ + 9b
2)
(2r+ + 3b)2
and
1 >
(32br2+ + 54b
2r+ + 27b
3)
(2r+ + 3b)3
+
3r2+
ℓ2
(45)
Another way we can also derive the logarithmic cor-
rection to the BH entropy using exact entropy function
S+(β+) = cβ+ + dβ+ (c, d are constants) followed by con-
formal field theory (CFT) [25, 27]. It could be take more
general form as S+(β+) = cβm+ + dβn+ (m,n, c, d > 0). The
special case when m = n = 1 and it is due to the CFT. Af-
ter some algebra (more details could be found in [27, 31])
one obtains the S′′0,+ = T
2
+S0,+, then the leading order
corrections to the generic BH entropy formula should be
S+ = ln ρ+ = S0,+ − 1
2
ln
∣∣T 2+S0,+∣∣+ ... (46)
After substituting the values of S0,+ = πr2+ and T+, one
could find the logarithm correction to the BH entropy for
VDW BH:
Scft+ = πr2+−
1
2
ln
∣∣∣∣∣∣∣
[
1 + 3r+(r++b)
ℓ2
− (8br++9b2)(2r++3b)2
]2
16π
∣∣∣∣∣∣∣+ ... (47)
This equation is slightly numerically different from Eq.
(46) but it is quite interesting because of it does not de-
pends upon the specific heat. It should be noted that Scft+
is valid in the regime when
1 +
3r+(r+ + b)
ℓ2
>
(8br+ + 9b
2)
(2r+ + 3b)2
(48)
Now we compare these two entropy corrected formula.
When we have not taken the logarithmic correction, we
have found the ratio
Sc+
Scft+
= 1 (49)
that means the two entropy is equal and it is expected.
Now interesting thing happens when we have taken the
logarithmic correction and the ratio should read off
Sc+
Scft+
=
1− 1
2πr2+
ln
∣∣∣∣∣∣
[
1+
3r+(r++b)
ℓ2
−
(8br++9b
2)
(2r++3b)
2
]3
8π
[
1−
(32br2
+
+54b2r++27b
3)
(2r++3b)
3 −
3r2
+
ℓ2
]
∣∣∣∣∣∣+ ...
1− 1
2πr2+
ln
∣∣∣∣∣∣
[
1+
3r+(r++b)
ℓ2
−
(8br++9b
2)
(2r++3b)
2
]2
16π
∣∣∣∣∣∣+ ...
(50)
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Up to the author’s knowledge, it is very difficult to say
which is greater or less. The domain of validity is discussed
earlier. Only, we can say the ratio is strictly function of
event horizon radius, VDW parameters and AdS radius i.e.
f(r+, a, b, ℓ) because we have chosen the value of a =
1
2π
earlier.
It should be emphasized that due to logarithmic correc-
tion, it seems plausible that the corrected entropy could
turn out to be negative4. Since, the expressions of loga-
rithmic corrections in our case are complicated, so there
may be a possibility that some interesting feature comes
into playing a key role in this topic.
In Fig. 2, we have plotted the uncorrected and corrected
specific heat with the horizon radius. From the figure
one can speculated that the phase transition occurs at the
negative value of the event horizon radius.
Another way we can see the effect of logarithmic cor-
rections by computing the corrected specific heat via the
following relation and taking input from the above correc-
tions then we find
C = T+
(
∂Sc+
∂T+
)
= −r+
[
1 + 3r+(r++b)
ℓ2
− (8br++9b2)(2r++3b)2
]
[
1− (32br
2
++54b
2r++27b3)
(2r++3b)3
− 3r
2
+
ℓ2
]
×
(
∂Sc+
∂r+
)
where,
(
∂Sc+
∂r+
)
= 2πr+ − 3
2
[
3
ℓ2
(2r+ + b) +
(16br++12b
2)
(2r++3b)3
]
[
1 + 3r+(r++b)
ℓ2
− (8br++9b2)(2r++3b)2
]−
1
2
[
6
r2+
ℓ2
− (64br
2
++24b
2r+)
(2r++3b)4
]
[
1 + 3r+(r++b)
ℓ2
− (8br++9b2)(2r++3b)2
] + ... (51)
The plot of the corrected specific heat could be seen from
the Fig. 2(b) and the uncorrected specific heat could be
seen from the Fig. 2(a). From both the graph, it is clear
that the “phase transition” occurs at negative horizon ra-
dius. This indicates that the ‘phase transition” is unphys-
ical. The only admissable values of r should be positive
(See, for example, the metric function which has terms
like 1
r
in it. These terms blow up at r = 0 and asymptote
to ±∞ to the left/right of the origin. This is an artefact
4Although the meaning of negative entropy is somewhat unclear.
However it appears, for example, in higher curvature theories of
gravity. The dominant perspective on the topic seems to be to
regard negative entropy as unphysical. From the perspective that
the entropy counts microstates, negative entropy would correspond
fractional microstates, which has dubious meaning. Thus, many
people tend to excise the negative entropy solutions from their anal-
ysis. However often times negative entropy solutions have no other
pathological behaviour (e.g. curvature singularities), so they seem
perfectly valid as classical solutions of the equation of motion. More
work would be needed to really understand what is going on in these
cases.
(a)
(b)
Fig. 2: In this figure, we have plotted the variation of specific
heat with horizon radius for the values b = 1 and ℓ = 1.
of the curvature singularity that is at the origin. Further-
more, due to the presence of the logarithmic term, one can
not restrict to just the negative values of r: the negative
r portion of the metric function terminates at some finite
value of r, and hence would describe a compact space with
no asymptotic region.) Thus, this result indicates that the
VDW BH does not undergo a phase transition at all, which
is interesting in its own right.
Discussion:. – Let us summarize the results. In the
context of extended phase space, when the negative cos-
mological constant behaves like a pressure and volume be
its thermodynamically conjugate variable then the gravi-
tational mass could be described as total gravitational en-
thalpy rather than the energy. We have analyzed these fea-
tures for recently discovered spherically symmetric VDW
BH which satisfy all three: weak, strong and dominant
energy conditions under small pressure. We computed the
gravitational enthalpy of the said BH. We also computed
the thermodynamic volume and proved that this volume
is greater than the naive geometric volume. Furthermore,
we have analyzed the stablity of this BH. By evaluating
the specific heat we observed that the VDW BH does not
p-6
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possess any kind of second order phase transition. Smarr-
Gibbs-Duhem relation is also satisfied for this BH.
Moreover, we derived the Cosmic-Censorship Inequality
for this BH. Finally, we computed the logarithm correction
to the entropy for this BH due to the statistical quantum
fluctuations around the thermal equilibrium. These log-
arithmic corrected BH entropy formula due to statistical
thermal fluctuations may have important application in
Suskind’s Holographic principle [32].
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